We compare existence and equivariance phenomena for weak moment maps and homotopy moment maps in multisymplectic geometry.
Introduction
Multisymplectic, or n-plectic, geometry is a generalization of symplectic geometry, where n = 1 corresponds to the symplectic case. Just as symplectic geometry has its origins in classical mechanics, multisymplectic geometry arose from classical field theory in the works of W.M.Tulczyjew, J.Kijowski and W.Szczyrba (see [8] and [9] ). In [3] , F.Cantrijn, A.Ibort, and M.de León extended the notion of multisymplectic structure on multiphase space to any closed non-degenerate form on a manifold, thus introducing the notion of a multisymplectic manifold. Since then, there have been multiple attempts at generalizing the notion of a moment map from symplectic to multisymplectic geometry. Moment maps are an important concept in symplectic geometry: they formalize the Noether principle and have applications like the Marsden-Weinstein reduction, the Atiyah-Guillemin-Sternberg convexity theorem, and classification of toric manifolds. In this paper, we compare two generalizations of symplectic moment maps to n-plectic geometry. One of them is the homotopy moment map introduced in [1] by M.Callies, Y.Fregier, C.L.Rogers and M.Zambon. This map is an L ∞ -morphisms between the Lie algebra g acting on (M, ω) and the L ∞ -algebra L ∞ (M, ω) associated to (M, ω). The other map is the weak moment map introduced in [6, 7] by J.Herman, extending the notion introduced by T.B.Madsen and A.Swann in [11] and [12] . Components of this map, restricted to certain subspaces of Λ k g, are required to satisfy the first n equalities satisfied by the components of homotopy moment map. Hence, a homotopy moment map induces a weak moment map. In this paper, we answer some questions posed in [6] , including the question of the reverse implication.
This paper is organized as follows. We begin with background material on multisymplectic geometry, Lie group/algebra actions and Cartan calculus in Section 1. In Section 2, we investigate the question of whether the existence of a weak moment map implies the existence of a homotopy moment map. This question is answered in Theorem 2.8, which is the main result of Section 2. Section 3 addresses questions of existence of equivariant homotopy (weak) moment maps using the framework of Section 2 and reproves a result from [6] extending it to the case of homotopy moment maps.
Background
In this section, we recall the relevant notions and results from multisymplectic geometry, Lie group/algebra actions and Cartan calculus.
1.1. Lie group and Lie algebra actions. Let G be a Lie group acting on a manifold from the left.
is called the infinitesimal generator of the action corresponding to x ∈ g.
Let v x i be the infinitesimal generator corresponding to x i ∈ g. Then for
∧ v x k the infinitesimal generator of the action corresponding to p.
Next, we introduce the Lie algebra homology differential, which we will need in particular to define homotopy moment maps. Definition 1.3. Let g be a Lie algebra. The map δ k : Λ k g → Λ k−1 g defined by
where k ≥ 1 and x i ∈ g, is called k-th Lie algebra homology differential of g.
We recall the following definition from [12] .
Definition 1.4. The kernel of δ k is called the k-th Lie kernel of g.
We will denote the k-th Lie kernel of g by P k,g := kerδ k and the direct sum of all the Lie kernels by P g := dimg k=0 P k,g . We will also be interested in the subspace P ≥1,g := dimg k=1 P k,g . Remark 1.5. Let g act on manifold M , and letδ k : Γ(Λ k (T M )) → Γ(Λ k−1 (T M )) be defined analogously to (1) . Then, as g → X(M ) is a Lie algebra homomorphism, we havē δ k v p = v δ k p for p ∈ Λ k g. In particular, for p ∈ P g ,δ k v p = v δ k p = 0.
The following formula is known as the "Extended Cartan Formula" and can be found in [12, Lemma 3.4] . Lemma 1.6. Let α ∈ Ω m (M ). Then for all k ≥ 2 and all vector fields v 1 , ..., v k , we have:
1.2. Lie algebra cohomology. We briefly recall some notions from the realm of Lie algebra cohomology with values in a module. For a more detailed and systematic exposition, we refer the reader to [15] . Let g be a Lie algebra and M a g-module, i.e. a vector space equipped with a Lie algebra homomorphism map a : g → End(M), a → a x . When no confusion is possible, we will write x · m for a x (m). We equip the space Λg * ⊗ M with a differential d g,M as follows. For
This differential squares to zero, so we can define its cohomology groups:
Definition 1.7. We define the k-th Lie algebra cohomology group of g with values in M as
.
The following two special cases will be of particular interest in the sequel. 1.3. Multisymplectic geometry. In this subsection, we recall the relevant notions from multisymplectic geometry. We begin with the definition of a multisymplectic manifold. Definition 1.10. A pair (M, ω) is an n-plectic manifold, if ω is a closed nondegenerate n + 1 form, i.e., dω = 0 and the map ι_ω :
Thus, a symplectic manifold is a 1-plectic manifold. As in symplectic geometry, in n-plectic geometry there is also a notion of Hamiltonian vector fields. 
where v α i is any Hamiltonian vector field associated to α i ∈ Ω n−1
, and ι(. . . ) denotes contraction with a multivector field.
For definition and properties of L ∞ -algebras see [10] .
Remark 1.14. For n = 1 in the above definition, we get the Lie algebra C ∞ (M ) associated to a symplectic manifold (M, ω).
1.4.
Homotopy moment maps and weak moment maps. In this subsection, we introduce the main characters of this paper: the homotopy moment map and the weak moment map. Following [1] we recall:
be a Lie algebra action on an n-plectic manifold (M, ω) by Hamiltonian vector fields. A homotopy moment map for this action is an
, ∀x ∈ g. This is equivalent to a collection of n linear maps
The next definition is taken from [7, Def.3.11] .
→ v x be a Lie algebra action on an n-plectic manifold (M, ω) by Hamiltonian vector fields. A weak moment map is a collection of linear maps
for k ∈ 1, ..., n and all p ∈ P k,g . Remark 1.17. We stress that we have n equations in the definition of a weak moment map, while a homotopy moment map has to obey n + 1 equations.
Existence
Every homotopy moment map induces a weak moment map by restriction to the Lie kernel, i.e., if there is a homotopy moment map for a given Lie algebra action, there is also a weak moment map. In this section, we will show that under an additional assumption the converse is also true. Throughout this section, (M, ω) is an n-plectic manifold, and g acts on (M, ω) preserving ω.
2.1. Existence of homotopy moment maps. We recall the existence result for homotopy moment maps from [5] and [14] . We consider the double complex
where d g is the Chevalley-Eilenberg differential of g, and d dR is the de Rham differential of M . Let C be the total complex with differential
Define
We recall the following result from [5] and [14] .
are the components of a homotopy moment map for the action of G on (M, ω).
In other words, a homotopy moment map for the action of g on (M, ω) exists if and only if the class [ ω] = 0 in H n+1 ( C).
are the Lie algebra cohomology groups and H n+1−i (M ) the de Rham cohomology groups. In particular, the class [ ω] can be decomposed into individual classes in H i (g) ⊗ H n+1−i (M ). The case of i = n + 1 will be of particular interest to us and can be described in the following non-cohomological manner: Lemma 2.2. If there exists a homotopy moment map for g acting on (M, ω), then the map
Proof. If there exists a homotopy moment map f for the action of g on (M, ω), then it has to satisfy equation (2) for k = n + 1, i.e., − f n (δp) = ζ(n + 1)ι vp ω for all p ∈ Λ n+1 g. This means that for p ∈ P n+1,g , we have ι vp ω = 0.
Remark 2.3. In [1, Cor 9.3], the following map was introduced: Lemma 2.4. Let (M, ω) be a connected n-plectic manifold equipped with a G-action preserving ω. Let c g m be defined as in equation (5), and φ be defined as in Lemma 2.2. Then the condition
Proof. Indeed, assume φ ≡ 0. Then, for p ∈ P n+1,g c g m (p) = (−1) n ζ(n + 1)(ι vp ω)| m = 0 for any p ∈ M . That means that c g m ∈ (P n+1,g ) • , where (P n+1,g ) • is the annihilator of P n+1,g . Therefore c g m ∈ (P n+1,g ) • = (ker δ n+1 ) • = im d n g , i.e., [c g m ] = 0.
Conversely, suppose [c g m ] = 0. Since M is connected, this holds at all m ∈ M . Then c g m = d g ξ for some ξ ∈ Λ n g * . For any p ∈ P n+1,g and m ∈ M this means ι vp ω| m = (−1) n ζ(n + 1)c g m (p) = (−1) n ζ(n + 1)(d g ξ)(p) = (−1) n ζ(n + 1)ξ(δp) = 0.
2.2.
Existence of weak moment maps. We will need the following lemma.
Lemma 2.5. For p ∈ P k,g , k = 1, ..., n + 1, the form ι vp ω is closed, i.e., d(ι vp ω) = 0.
In particular, p → ι vp ω induce well-defined maps P k,g → H n+1−k (M ).
Proof. This follows from Remark 1.5 and Lemma 1.6.
Lemma 2.6. A weak moment map exists if and only if the maps
are identically zero for 1 ≤ k ≤ n.
Proof. By definition of weak moment maps, for all p ∈ P k,g and all k, the form ι vp ω has to be exact.
Analogously to Proposition 2.1, we can encode weak moment maps as primitives of a certain element in the double complex
with zero differential on P * ≥1,g and de Rham differential on M . Let C be the total complex with differential d tot := 1 ⊗ d dR . We define ω ∈ C as
From the discussion above, it follows that:
.., n are the components of a weak moment map for the action of G on (M, ω). I.e., the existence of a weak moment map is equivalent to the vanishing of [ ω] ∈ H n+1 ( C).
Main result of the section.
Theorem 2.8. Let g act on (M, ω) by preserving ω. The following statements are equivalent:
(1) The action admits a homotopy moment map (2) The action admits a weak moment map and φ ∈ P * n+1,g ⊗ C ∞ (M ) as defined in Lemma 2.2 vanishes identically.
Proof. The implication (1) → (2) is an immediate consequence of the fact that any homotopy moment map restricts to a weak moment map and Lemma 2.2. To prove the converse, we first observe that ω| P ≥1,g = ω + φ. In other words, the restriction (7) (res ⊗ id) : C = Λ ≥1 g * ⊗ Ω(M ) → P * ≥1,g ⊗ Ω(M ) = C maps ω to ω + φ. The restriction is a chain map, so to complete the proof we just have to verify that its induced map in cohomology [res ⊗ id] : H( C) → H( C) is injective. By using the naturality of the Kuenneth isomorphism we get the following commutative diagram:
Thus, to prove our claim it suffices to verify that [res] : H k (g) → P * k,g is injective. To see this consider the exact sequence
Dualizing it leads to the exact sequence With this corollary, we can recover the following results from [6] :
Proposition 2.10 (5.12 in [6] ). If H 1 (g) = .
.. = H n (g) = 0, then a weak moment map exists.
Theorem 2.11 (5.6 in [6] ). If H 0 (g, P k,g ) = 0 for k = 1, ..., n, then a weak moment map exists, where the g-module structure on P k,g is induced by the adjoint action.
Proof. Recall that the zeroth Lie algebra cohomology H 0 (g, M) equals the subspace of g invariants M g in M. As H k (g) ⊂ P * k,g , we have H k (g) g ⊂ (P * k,g ) g . But H k (g) g = H k (g), so if H 0 (g, P k,g ) = (P * k,g ) g = 0 for k = 1, ..., n, then also H k (g) = 0 and a weak moment exists.
Below we provide two examples illustrating the necessity of requiring φ to vanish in the assumptions of Theorem 2.8. The first example deals with the more familiar symplectic case:
Example 2.12. Let n = 1, i.e., consider a connected Lie group G acting on a symplectic manifold (M, ω). It is well-known (see, e.g., [2, §26 ] ) that, if there exists a map f : g → C ∞ (M ) that satisfies d f (x) = −ι vx ω, (i.e., a weak moment map), then the obstruction to the existence of a map f satisfying where _, _ is the Killing form. Let ω be the left-invariant form which equals θ at the identity element e. This form is closed and non-degenerate, i.e., (G, ω) is a 2-plectic manifold. It is well-known that H 1 (g) = H 2 (g) = 0 (see, e.g., [4] ), so a weak homotopy moment map exists for this action. However, the map φ defined in Lemma 2.2 does not vanish, hence, there is no homotopy moment map.
2.4. Possibility of extension. The fact that, assuming φ ≡ 0, the existence of weak moment maps implies the existence of homotopy moment maps raises the following question: Is there a direct way to obtain a homotopy moment map from a weak moment map?
The following proposition answers the question of when a weak moment map is the restriction of some homotopy moment map:
14. Let f be a weak moment map and φ ≡ 0. Then there is a well-defined class [γ] ∈ n k=1 d g (Λ k g * ) ⊗ H n−k (M ), such that the following are eqivalent: (1) [γ] = 0.
(2) There exists a homotopy moment map f , such that f | Pg = f .
Proof. Let α = α 1 + ... + α n ∈ C be a potential of ω ∈ C corresponding to f under the bijection in Proposition 2.7. Let β ∈ C be any preimage of α under the map (7) . Such a preimage exists as the restriction C → C is surjective. However, it might not be a potential of ω. We can thus consider the element γ
i.e., it yields a class [γ]. Taking β ′ = β + b to be an alternative preimage of α under the map 7 changes γ to γ ′ = (γ − d tot b), hence the class is independent of the above choice. Furthermore, the class is zero if and only if β can be chosen such that γ = ω − d tot β = 0, i.e., so that β corresponds to an extension of f to a full homotopy moment map under the bijection of Proposition 2.7.
Remark 2.15. Note that for n = 1, i.e., in symplectic geometry, a weak moment map cannot be "extended", since P 1,g = g. Therefore, if a given weak moment map is not already a homotopy moment map, there is no homotopy moment map restricting to it.
In the next example, we will construct a homotopy moment map from a weak moment map. These elements satisfy the following bracket relations: [e 1 , e 2 ] = e 3 ,[e 1 , e 3 ] = −e 2 ,[e 2 , e 3 ] = e 1 , therefore, P 2,g ≡ 0 and a weak homotopy moment map for this action has only one component. Note further, that the orbits of this action are of dimensions 0 and 2, hence φ ∈ P * n+1,g ⊗ C ∞ (M ) defined in Lemma 2.2 vanishes. Therefore, by Theorem 2.8, there exists a homotopy moment map for this action. The infinitesimal generators v i corresponding to elements e i are given by
on basis elements gives the weak moment map. Note that f = ( f 1 = f 1 , f 2 ≡ 0) is a pre-image of f under the map (7) . To construct a homotopy moment map out of f , note that ψ := ω − d tot f is d tot -exact and the sum of any primitive with f gives a homotopy moment map. So, to construct a homotopy moment map, we need to find a primitive of ψ, i.e., find a h = (h 1 , h 2 ) ∈ C 2 that satisfies the following equations:
Note that ω 3 = 0. Also, evaluating −ω 2 −d g f 1 on basis elements, we get, using the definition of f 1 and bracket relations between the e i , ω 2 (e i , e j ) + f 1 ([e i , e j ]) = 0.
Therefore the equations above become:
Note that the last equation is satisfied for any h 2 ∈ Λ 2 g * ⊗ C ∞ (M ), since P 3,g = Λ 3 g. Therefore, the equations above become:
It is easy to see that a trivial map h 1 ≡ 0, h 2 ≡ 0 satisfies this equation, and therefore, f = ( f 1 = f 1 , f 2 ≡ 0) is a homotopy moment map for this action.
Remark 2.17. According to [1, Thm. 9.6] , if G acts on a connected n-plectic manifold (M, ω) for which H i (M ) = 0 for 1 ≤ i ≤ n − 1, and [c g m ] = 0 for c g m defined in Remark 2.3, then there exists a homotopy moment map for this action. In the above example φ ≡ 0, hence, by Lemma 2.4, the assumptions of the theorem stated above are satisfied, and a homotopy moment map exists. Thus, the example above is consistent with [1, Thm. 9.6].
Equivariance
Definition 3.1 ( [1, 6] ). Let G be a Lie group acting multisymplectically on (M, ω). A homotopy moment map f : g → L ∞ (M, ω) is called equivariant if for all g ∈ G, p ∈ Λ k g, and 1 ≤ k ≤ n
where Φ * g denotes the pullback action. It is infinitesimally equivariant or g-equivariant if and only if for all x ∈ g, p ∈ Λ k g and 1 ≤ k ≤ n
where ad denotes the adjoint action of g on Λ k g. In complete analogy, a weak homotopy moment map is equivariant if (8) holds for all p ∈ P k,g resp. infinitesimally equivariant if (9) holds for all x ∈ g, p ∈ P k,g and 1 ≤ k ≤ n.
Remark 3.2. For a connected Lie group G, a homotopy (or weak) moment map is equivariant if and only if it is infinitesimally equivariant. We will treat the case of infinitesimal equivariance in the sequel, the equivariant working in complete analogy.
Consider the complex C g = (Λ ≥1 g * ⊗ Ω(M )) g , consisting of all g-invariant elements of (3). The total differential (4) restricts to C g , because d g is g-equivariant and d dR commutes with the Lie derivative. Since the adjoint action ad : g → End(Λg) preserves the subspace of δ-closed elements, it defines an action on P g and thus on C = P * g ⊗ Ω(M ). Again, the total differential d tot restricts to a differential on C g . Lemma 3.3. The element ω (resp. ω) lies in C g (resp. C g ).
Proof. We will prove the statement for ω, the statement for ω, follows as the image of a g-invariant element under the equivariant map (res ⊗ id) is necessarily g-invariant. I.e., we have to show that for k ∈ {1, ..., n + 1} ω k is g-invariant. We calculate
where we used Lemma 1.6 for equality (a) and Cartan's magic formula ad x (p) = δ(x ∧ p) − x ∧ δ(p) for equality (b).
The correspondences between potentials and moment maps established in Propositions 2.1 and 2.7 carry over to the g-equivariant setting and we have the following In particular, if these groups vanish, then g-equivariant weak moment maps are unique.
3.1. Equivariantization. In this subsection, we will determine the condition that determines when homotopy and weak moment maps can be made equivariant. We review the Theorem 4.10 from [6] in the terms of this paper and derive its analogue for homotopy moment maps. To do this, we need some Lie algebra cohomology:
Let M be a g-module and N a g-submodule. Let α in M be an element satisfying x · α ∈ N for all x ∈ g. We can ask ourselves, whether α can be changed by an element β in N such that (α − β) ∈ M g . This is equivalent to finding β ∈ N , such that x · α = x · β for all x ∈ g.
The map x → x · α interpreted as the element d g,M (α) in g * ⊗ N is closed with respect to the Lie algebra cohomology differential d g,N , and potentials correspond to elements β ∈ N such that d g,M (α) = d g,N (β). Now, take M = C and α ∈ C a potential of ω corresponding to some weak moment map. Then d g,M (α) ∈ N , where N = P * ≥1,g ⊗ Ω cl (M ) is the space of admissible changes for weak moment maps (cf. Proposition 2.7). The above discussion implies: Theorem 3.6 (Theorem 4.10 in [6] ). Let α ∈ C be a potential of ω corresponding to a weak moment map f . Then d g, C (α) yields a well-defined cohomology class in H 1 (g, P * ≥1,g ⊗ Ω cl (M )). Furthermore, [d g, C (α)] ∈ H 1 (g, P * ≥1,g ⊗Ω cl (M )) vanishes if and only if there exists a g-equivariant weak moment map.
An analogous construction works for homotopy moment maps: Proposition 3.7. Let α ∈ C be a potential of ω corresponding to a homotopy moment map f . Then C(α) yields a well-defined cohomology class in H 1 (g, N ), where N is the subspace of d tot -closed elements in Λ k≥1 g ⊗ Ω(M ). Furthermore, [d g,N (α)] ∈ H 1 (g, N ) vanishes if and only if there exists a g-equivariant homotopy moment map.
Remark 3.8. We end the paper by noting that, in symplectic geometry, the conditions for being a homotopy moment map and an equivariant moment map coincide, i.e., a symplectic homotopy moment map is automatically equivariant.
